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THE L∞-DEFORMATIONS OF ASSOCIATIVE ROTA-BAXTER ALGEBRAS AND
HOMOTOPY ROTA-BAXTER OPERATORS
APURBA DAS AND SATYENDRA KUMAR MISHRA
Abstract. A relative Rota-Baxter algebra is a triple (A,M,T ) consisting of an algebra A, an A-bimodule
M , and a relative Rota-Baxter operator T . Using Voronov’s derived bracket and a recent work of Lazarev
et al., we construct an L∞[1]-algebra whose Maurer-Cartan elements are precisely relative Rota-Baxter
algebras. By a standard twisting, we define a new L∞[1]-algebra that controls Maurer-Cartan deformations
of a relative Rota-Baxter algebra (A,M, T ). This L∞[1]-algebra is an extension of the graded Lie algebra
controlling deformations of the AssBimod pair (A,M) by the graded Lie algebra controlling deformations
of the relative Rota-Baxter operator T . We introduce the cohomology of a relative Rota-Baxter algebra
(A,M,T ) and study infinitesimal deformations in terms of this cohomology (in low dimensions). Finally, we
define homotopy relative Rota-Baxter operators and find their relationship with homotopy dendriform and
homotopy pre-Lie algebras.
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1. Introduction
Rota-Baxter operators are algebraic abstraction of integral operators. They first appeared in the fluc-
tuation theory in probability [4]. Subsequently, Rota [25] and Cartier [5] studied these operators from
combinatorial aspects. More precisely, a Rota-Baxter operator on an associative algebra A is a linear map
R : A→ A satisfying
R(a)R(b) = R(R(a)b + aR(b)), for a, b ∈ A.
In the last twenty years, several important applications of Rota-Baxter operators were found in the algebraic
approach of the renormalization in quantum field theory [6], splitting of algebras [2], Yang-Baxter solutions [1,
2], quasi-symmetric functions [33], and double Lie algebras [15]. See [16] for more details about Rota-Baxter
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operators. As a variation of a noncommutative Poisson structure, Uchino [29] defined a generalization of a
Rota-Baxter operator in the presence of a bimodule over the algebra. Such operators are called generalized
Rota-Baxter operators or relative Rota-Baxter operators (also called O-operators). In this paper, we stick
with the term relative Rota-Baxter operator.
Rota-Baxter operators and its relative version were also defined on Lie algebras by Kupershmidt [18] as
an operator analog of classical r-matrices. In [21], the authors construct an L∞-algebra which controls the
deformation of a relative Rota-Baxter algebra. Subsequently, they find the connection between this L∞-
algebra and the graded Lie algebra obtained in [28] that governs the deformation of the relative Rota-Baxter
operator.
Our aim in this paper is to follow the approach of [21] to study deformations of relative Rota-Baxter
(associative) algebras via L∞-algebras. During the course, we also study deformations of an AssBimod-pair
(A,M) consisting of an associative algebra A and an A-bimodule M . We construct a graded Lie algebra
whose Maurer-Cartan elements are given by AssBimod-pairs. This characterization allows us to construct a
differential graded Lie algebra controlling deformations of an AssBimod-pair.
Next, using the higher derived brackets of Voronov [31,32], we construct an L∞-algebra whose Maurer-
Cartan elements are given by relative Rota-Baxter algebras. With this characterization and the well-known
construction [14] of an L∞-algebra twisted by a Maurer-Cartan element, we construct a new L∞-algebra that
controls Maurer-Cartan deformations of a relative Rota-Baxter algebra. This new L∞-algebra also allows
us to define the cohomology of a relative Rota-Baxter algebra. Finally, we obtain a long exact sequence
connecting the cohomology of the relative Rota-Baxter algebra (A,M, T ), cohomology of the underlying
AssBimod-pair (A,M) and the cohomology of the relative Rota-Baxter operator T introduced in [9].
The formal deformation theory of algebraic structures was first developed for associative algebras in the
classical work of Gerstenhaber [13] and subsequently extended to Lie algebras by Nijenhuis and Richardson
[24]. In [3], Balavoine extended the formal deformation theory to algebras over binary quadratic operads.
The more general notion of R-deformations over a local Artinian ring (or a complete local ring) R has been
described in [10,11,17]. We apply this more general deformation theory to relative Rota-Baxter algebras. We
give special attention to infinitesimal deformations of a relative Rota-Baxter algebra and show that there
is a one-to-one correspondence between equivalent infinitesimal deformations and elements in the second
cohomology space of a relative Rota-Baxter algebra.
In the sequel, we define homotopy relative Rota-Baxter operators on bimodules over A∞[1]-algebras. More
precisely, given an A∞[1]-algebra and a bimodule over it, we construct an L∞[1]-algebra using Voronov’s
construction. This L∞[1]-algebra is a graded version of a graded Lie algebra constructed in [9]. We define a
homotopy relative Rota-Baxter operator T as a Maurer-Cartan element in the above L∞[1]-algebra. We also
explicitly describe the identities satisfied by the components of T . This notion generalizes the strict homotopy
relative Rota-Baxter operator defined in [8]. It is known that a strict homotopy relative Rota-Baxter operator
induces a Dend∞[1]-algebra structure. In [21], the authors define homotopy relative Rota-Baxter operators
on modules over L∞[1]-algebras. We show that our definition is suitable compatible with that of [21].
Finally, we construct a pre-Lie∞[1]-algebra associated to a Dend∞[1]-algebra, which generalizes the non-
homotopic case [2]. We also extend various relationships among dendriform algebras, pre-Lie algebras,
associative algebras, Lie algebras, and relative Rota-Baxter algebras to the homotopy context.
This paper is organized as follows. In Section 2, we recall some basics on relative Rota-Baxter algebras and
Voronov’ derived bracket construction of L∞-algebras. Maurer-Cartan characterization of AssBimod-pairs
and their cohomology are studied in Section 3. In the next Section (Section 4), we construct the L∞-algebra
that controls Maurer-Cartan deformations of a relative Rota-Baxter algebra. Using this, we also define the
cohomology of a relative Rota-Baxter algebra. Deformations of a relative Rota-Baxter algebra are considered
in Section 5. Finally, in Section 6, we introduce homotopy relative Rota-Baxter operators and discuss their
relationship with homotopy dendriform and homotopy pre-Lie algebras.
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All (graded) vector spaces, linear maps and tensor products are over a field K of characteristic 0. We
denote set of all permutations on k elements by Sk. A permutation σ ∈ Sk is called an (i, k − i)-shuffle if
σ(1) < · · · < σ(i) and σ(i+1) < · · · < σ(k). The set of all (i, k− i)-shuffles in Sk is denoted by S(i,k−i). For
any permutation σ ∈ Sk and homogeneous elements v1, . . . , vk in a graded vector space V , the Koszul sign
ǫ(σ) = ǫ(σ; v1, . . . , vk) is given by
vσ(1) ⊙ · · · ⊙ vσ(k) = ǫ(σ) v1 ⊙ · · · ⊙ vk,
where ⊙ denotes the product in the reduced symmetric algebra S(V ) of V .
2. Preliminaries
In this section, we first recall the graded Lie algebra from [9], whose Maurer-Cartan elements are relative
Rota Baxter operators. Then, we recall the notion of V -data and induced L∞-algebras via higher derived
brackets [31].
2.1. Relative Rota-Baxter operators. Let A = (A, µ) be an associative algebra. We denote the multi-
plication µ : A ⊗ A → A simply by µ(a, b) = ab for a, b ∈ A. An A-bimodule is a vector space M together
with two bilinear maps l : A ⊗M → M, (a,m) 7→ am and r : M ⊗ A → M, (m, a) 7→ ma (called left and
right A-actions, respectively) satisfying the following identities
(ab)m = a(bm), (ma)b = m(ab), and (am)b = a(mb), for all a, b ∈ A, m ∈M.
The associative algebra A itself is an A-bimodule, where algebra multiplication in A gives the left and right
actions on itself. This A-bimodule structure on A is called the adjoint A-bimodule.
For any vector space A, consider the graded vector space
⊕
n≥0Hom(A
⊗n+1, A) of multilinear maps.
There is a graded Lie bracket, called the Gerstenhaber bracket [13] on
⊕
n≥0Hom(A
⊗n+1, A) given by
[f, g] := f ⋄ g − (−1)mng ⋄ f, where
(f ⋄ g)(a1, . . . , am+n+1) :=
m+1∑
i=1
(−1)(i−1)nf(a1, . . . , ai−1, g(ai, . . . , ai+n), ai+n+1, . . . , am+n+1),
for f ∈ Hom(A⊗m+1, A) and g ∈ Hom(A⊗n+1, A). Note that (A, µ) is an associative algebra if and only if
µ ∈ Hom(A⊗2, A) is a Maurer-Cartan element in the above graded Lie algebra. The coboundary operator
(1) δHoch(f) = (−1)
n−1[µ, f ], for all f ∈ Hom(A⊗n, A).
induced by the Maurer-Cartan element µ is called the Hochschild coboundary operator. The cohomol-
ogy of the Hochschild cochain complex
(
C•Hoch(A) :=
⊕
n≥1Hom(A
⊗n, A), δHoch
)
is called the Hochschild
cohomology and it is denoted by H•Hoch(A).
2.1. Definition ([29]). Let A be an associative algebra and M be an A-bimodule. A linear map T :M → A
is said to be a relative Rota-Baxter operator on M over the algebra A if T satisfies
T (m)T (n) = T (T (m)n+mT (n)), for all m,n ∈M.
It follows from the Definition 2.1 that a Rota-Baxter operator on A is a relative Rota-Baxter operator
on the adjoint A-bimodule. A relative Rota-Baxter associative algebra is a triple (A,M, T ) consisting of an
associative algebra A, an A-bimodule M , and a relative Rota-Baxter operator T : M → A. A Rota-Baxter
algebra is a relative Rota-Baxter algebra with respect to the adjoint A-bimodule.
Let (A,M, T ) be a relative Rota-Baxter algebra, where the associative product in A is given by µ, and
the A-bimodule actions on M are given by l and r. If we need to emphasize the underlying structure maps,
we alternatively use the notation ((A, µ), (M, l, r), T ) to denote the relative Rota-Baxter algebra (A,M, T )
with structure maps.
2.2. Definition. Let (A,M, T ) and (A′,M ′, T ′) be two relative Rota-Baxter algebras. A homomorphism of
relative Rota-Baxter algebras from (A,M, T ) to (A′,M ′, T ′) is a pair (ϕ, ψ) of an algebra homomorphism
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ϕ : A→ A′ and a linear map ψ :M →M ′ satisfying
T ′ ◦ ψ = ϕ ◦ T, ψ(am) = ϕ(a)ψ(m), and ψ(ma) = ψ(m)ϕ(a), for all a ∈ A, m ∈M.
The morphism (ϕ, ψ) is called an isomorphism if ϕ and ψ are linear isomorphisms.
Let A be an associative algebra and M be an A-bimodule. Let µ : A⊗A→ A be the associative product
in A, and the linear maps l : A ⊗M → M , r : M ⊗ A → M be left and right A-actions on M . Then, the
sum µ+ l + r ∈ Hom((A ⊕M)⊗2, A⊕M).
Let us consider a graded vector space
⊕
n≥1Hom(M
⊗n, A) with the bracket
[[P,Q]] = (−1)m−1[[µ+ l+ r, P ], Q], for P ∈ Hom(M⊗m, A) and Q ∈ Hom(M⊗n, A).
Here, the bracket [ , ] on the right hand side is the Gerstenhaber bracket on the graded vector space⊕
n≥0Hom((A ⊕M)
⊗n+1, A ⊕M) (see [9] for more details). With the above notations, the main result of
[9] can be stated as follows.
2.3. Theorem. Let A be an associative algebra and M be an A-bimodule. Then,
(i) The graded vector space
⊕
n≥1Hom(M
⊗n, A) with the bracket [[ , ]] is a graded Lie algebra. A linear map
T :M → A is a relative Rota-Baxter operator on M over the algebra A if and only if T ∈ Hom(M,A)
is a Maurer-Cartan element in the graded Lie algebra (
⊕
n≥1Hom(M
⊗n, A), [[ , ]]). Consequently, a
relative Rota-Baxter operator T induces a differential dT := [[T, ]], which makes the graded Lie algebra
(
⊕
n≥1Hom(M
⊗n, A), [[ , ]]) into a differential graded Lie algebra with the differential dT .
(ii) For a relative Rota-Baxter operator T :M → A and a linear map T ′ :M → A, the sum T + T ′ is also
a relative Rota-Baxter operator if and only if T ′ is a Maurer-Cartan element in the differential graded
Lie algebra (
⊕
n≥1Hom(M
⊗n, A), dT , [[ , ]]). 
More precisely, an explicit description of the differential dT = [[T, ]] is given by
dTP (m1,m2, . . . ,mn+1) =T (P (m1,m2, . . . ,mn)mn+1)− (−1)
nT (m1P (m2, . . . ,mn+1))
− (−1)n
{ n∑
i=1
P (m1, . . . ,mi−1, T (mi)mi+1,mi+2, . . . ,mn+1)
−
n∑
i=1
P (m1, . . . ,mi−1,miT (mi+1),mi+2, . . . ,mn+1)
}
+ (−1)nT (m1)P (m2, . . . ,mn+1)− P (m1, . . . ,mn)T (mn+1),
for all P ∈ Hom(M⊗n, A) and m1,m2, . . . ,mn+1 ∈M .
Let us define a cochain complex (C•(T ), dT ) with the graded vector space C
•(T ) =
⊕
n≥0 C
n(T ), where
C0(T ) = C1(T ) := 0 and Cn(T ) := Hom(M⊗n−1, A), for n ≥ 2. The associated cohomology is called the
cohomology of T and denoted by H•(T ).
2.2. L∞-algebras and Voronov’s construction. In this subsection, we give necessary background on
L∞-algebras and their construction form a V -data [31].
The notion of L∞-algebras was introduced by Lada and Stasheff [20] as a homotopy analogy of (graded)
Lie algebras. Throughout the paper, we use a ‘shifted’ version of L∞-algebras (called L∞[1]-algebras) in
which all multilinear maps are graded symmetric and have degree 1.
2.4. Definition. An L∞[1]-algebra is a graded vector space W =
⊕
i∈Z
Wi together with a collection of degree
1 multilinear maps {lk :W
⊗k →W}k≥1 satisfying
(i) graded symmetry: for k ≥ 1,
lk(xσ(1), . . . , xσ(k)) = ǫ(σ)lk(x1, . . . , xk), for any σ ∈ Sk,
(ii) shifted higher Jacobi identities: for each n ≥ 1,∑
i+j=n+1
∑
σ∈S(i,n−i)
ǫ(σ)lj(li(xσ(1), . . . , xσ(i)), xσ(i+1), . . . , xσ(n)) = 0.
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Here, S(i,n−i) denotes the set of (i, n− i)-shuffles in the permutation group Sn. For any permutation σ ∈ Sk
and x1, x2, . . . , xk ∈ V , ǫ(σ) := ǫ(σ;x1, x2, . . . , xk) denotes the Koszul sign.
2.5. Remark. The equivalence between L∞-algebras and L∞[1]-algebras is given by a degree shift. More
precisely, an L∞-algebra structure (in the sense of [26]) on a graded vector space V =
∑
i∈Z
Vi is equivalent
to an L∞[1]-algebra structure on the graded vector space W := V [1], where Wi = (V [1])i = Vi+1. The
correspondence between multi-brackets of these two structures is given by the de´calage isomorphisms
V ⊗n[n] ∼= (V [1])⊗n, v1 . . . vn 7→ (−1)
(
(n−1)|v1|+···+2|vn−1|+|vn−1|
)
v1 . . . vn,
where |vi| denotes the degree of homogeneous element vi in the graded vector space V .
The notion of filtered L∞[1]-algebras was introduced by Getzler [14], which ensures the convergence of
certain infinite sums. For the results in this paper, we only need the following weaker notion [21].
2.6. Definition ([21]). A weakly filtered L∞[1]-algebra is a triple (W, {lk}k≥1,F•W ), where (W, {lk}k≥1) is
an L∞[1]-algebra and F•W is a descending filtration of W such that W = F1W ⊃ · · · ⊃ FnW ⊃ · · · and
the following conditions are satisfied:
(i) there exists n ≥ 1 such that lk(W, . . . ,W ) ⊂ FkW, for all k ≥ n and
(ii) W is complete with respect to this filtration. Thus, there is an isomorphism of graded vector spaces
W ∼= lim
←−
W/FnW .
2.7. Definition. Let (W, {lk}k≥1,F•W ) be a weakly filtered L∞[1]-algebra. An element α ∈ W
0 is called a
Maurer-Cartan element if α satisfies
∞∑
k=1
1
k!
lk(α, α, . . . , α) = 0.
The set of all Maurer-Cartan elements in W is denoted by MC(W ).
It is known that a filtered L∞[1]-algebra can be twisted by a Maurer-Cartan element [14]. Similarly, for
weakly filtered L∞[1]-algebra, we have the following result from [21].
2.8. Theorem ([21]). Let (W, {lk}k≥1,F•W ) be a weakly filtered L∞[1]-algebra and α ∈ W
0 be a Maurer-
Cartan element. Then, (W, {lαk }k≥1,F•W ) is a weakly filtered L∞[1]-algebra, where
lαk (x1, x2, . . . , lk) =
∞∑
n=0
1
n!
lk+n(α, . . . , α︸ ︷︷ ︸
n
, x1, x2, . . . , xk).

Next, let us recall the construction of an L∞[1]-algebra from a V -data, which is given by Voronov’s higher
derived brackets [31].
2.9. Definition. A V -data is a quadruple (L, a, P,∆), where L is a graded Lie algebra (with graded Lie
bracket [ , ]), a ⊂ L is an abelian graded Lie subalgebra, P : L → a is a projection map whose kernel is a
graded Lie subalgebra of L, and ∆ ∈ Ker(P )1 satisfying [∆,∆] = 0.
For a V -data (L, a, P,∆), the following theorem yields an L∞[1]-algebra structure on a.
2.10. Theorem ([31]). Let (L, a, P,∆) be a V -data. Then, the graded vector space a ⊂ L together with the
operations
lk(a1, . . . , ak) := P [· · · [[∆, a1], a2], . . . , ak], for k ≥ 1(2)
is an L∞[1]-algebra. 
In fact, there is a larger L∞[1]-algebra in which the L∞[1]-algebra a, defined by Theorem 2.10 is an
L∞[1]-subalgebra.
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2.11. Theorem. Let (L, a, P,∆) be a V -data. Then, the graded vector space L[1] ⊕ a is an L∞[1]-algebra
with multilinear operations
l1(x[1], a) = (−[∆, x][1], P (x+ [∆, a])),
l2(x[1], y[1]) = (−1)
|x|[x, y][1],
lk(x[1], a1, . . . , ak−1) = P [· · · [[x, a1], a2], . . . , ak−1], for k ≥ 2,
lk(a1, . . . , ak) = P [· · · [[∆, a1], a2], . . . , ak], for k ≥ 2.
Here, x, y are homogeneous elements in L and a, a1, . . . , ak are homogeneous elements in a. Up to the
permutations of the above entries, all other multilinear operations vanish. 
2.12. Remark. Let (L, a, P,∆) be a V -data. If L′ is a graded Lie subalgebra of L such that [∆, L′] ⊂ L′,
then L′[1]⊕ a is an L∞[1]-subalgebra of the L∞[1]-algebra L[1]⊕ a (see [12] for more details).
3. Cohomology of an AssBimod-pair
Let A be an associative algebra andM be an A-bimodule. Then, we call the pair (A,M) an AssBimod-pair.
The aim of this section is to find a graded Lie algebra associated to the vector spaces A and M such that the
Maurer-Cartan elements in the graded Lie algebra are in bijective correspondence with the AssBimod-pair
structures on the pair (A,M). Subsequently, we define cohomology and deformations of a AssBimod-pair.
First, we recall the following notations form [30]. Let A1 and A2 be two vector spaces. For any linear map
f : Ai1 ⊗Ai2 ⊗ · · · ⊗Ain → Aj with i1, . . . , in, j ∈ {1, 2}, we define a map fˆ ∈ Hom((A1 ⊕A2)
⊗n,A1 ⊕A2)
by
(3) fˆ =
{
f on Ai1 ⊗Ai2 ⊗ · · · ⊗ Ain ,
0 otherwise.
The map fˆ is called a horizontal lift of f or simply a lift of f . In particular, the lifts of the linear maps
µ : A1 ⊗A1 → A1, l : A1 ⊗A2 → A2, and r : A2 ⊗A1 → A2 are respectively given by
µˆ((a, u), (b, v)) = (µ(a, b), 0),
lˆ((a, u), (b, v)) = (0, l(a, v)),
rˆ((a, u), (b, v)) = (0, r(u, b)), for all a, b ∈ A1, u, v ∈ A2.
Let Ak,l be the direct sum of all possible (k+ l)-tensor powers of A1 and A2 in which A1 (respectively, A2)
appears k times (respectively, l times). For instance,
A2,0 := A1 ⊗A1, A
1,1 := (A1 ⊗A2)⊕ (A2 ⊗A1), A
0,2 := A2 ⊗A2,
and
A1,2 := (A1 ⊗A2 ⊗A2)⊕ (A2 ⊗A1 ⊗A2)⊕ (A2 ⊗A2 ⊗A1).
Note that there is a vector space isomorphism (A1 ⊕ A2)
⊗n ∼= ⊕k+l=nA
k,l. Therefore, we have the
isomorphism (by the horizontal lift)
Hom((A1 ⊕A2)
⊗n+1,A1 ⊕A2) ∼=
∑
k+l=n+1
Hom(Ak,l,A1)⊕
∑
k+l=n+1
Hom(Ak,l,A2)
We say that a linear map f ∈ Hom((A1 ⊕A2)
⊗n+1,A1 ⊕A2) has bidegree k|l with k + l = n if
f(Ak+l,l) ⊂ A1, f(A
k,l+l) ⊂ A2, and f is zero otherwise.
Let us denote the bidegree of f by ||f || = k|l. In general, multilinear maps may not have a bidegree. A
multilinear map f is called homogeneous if f has a bidegree. The set of all homogeneous multilinear maps
of bidegree k|l is denoted by Ck|l(A1 ⊕A2,A1 ⊕A2). Let us observe that
Ck|0(A1 ⊕A2,A1 ⊕A2) ∼= Hom(A
⊗k+1
1 ,A1)⊕Hom(A
k,1,A2),
C−1|l(A1 ⊕A2,A1 ⊕A2) ∼= Hom(A
l
2,A1).
The following result has been proved in [30, Proposition 2.6].
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3.1.Proposition. If f ∈ Hom((A1⊕A2)
⊗m+1,A1⊕A2) has bidegree kf |lf and g ∈ Hom((A1⊕A2)
⊗n+1,A1⊕
A2) has bidegree kg|lg, then the Gerstenhaber bracket [f, g] is homogeneous and have the bidegree (kf +
kg)|(lf + lg). 
As a consequence of the above proposition, the following result holds.
3.2. Proposition. The graded subspace
⊕
l≥1 C
−1|l(A1⊕A2,A1⊕A2) is an abelian subalgebra of the graded
Lie algebra C•+1(A1 ⊕A2,A1 ⊕A2).
Proof. If ||f || = −1|lf and ||g|| = −1|lg, then by Proposition 3.1, we have [f, g] = 0. Hence, the result
follows. 
Also, by a direct application of Proposition 3.1, it follows that
3.3. Proposition. The graded vector space
⊕
k≥1 C
k|0(A1 ⊕ A2,A1 ⊕ A2) together with the Gerstenhaber
bracket is a graded Lie algebra. 
Let A and M be two vector spaces. Suppose there are linear maps µ : A⊗A→ A, l : A⊗M →M , and
r :M ⊗A→M . Then, all these maps µ, l, r ∈ C1|0(A⊕M,A⊕M), hence the sum
π := µ+ l + r ∈ C1|0(A⊕M,A⊕M).
The next result shows that AssBimod-pairs are in bijective correspondence with Maurer-Cartan elements
in the graded Lie algebra
⊕
k≥1 C
k|0(A⊕M,A⊕M).
3.4. Proposition. With the above notations, µ defines an associative product on A and l, r defines an
A-bimodule structure on M if and only if π = µ+ l + r ∈ C1|0(A⊕M,A⊕M) is a Maurer-Cartan element
in the graded Lie algebra
⊕
k≥1 C
k|0(A⊕M,A⊕M).
Proof. The proof of the proposition is similar to [9, Proposition 2.11]. 
It follows that a AssBimod-pair (A,M) induces a differential dµ+l+r := [µ+ l+ r, ] on the graded vector
space
⊕
k≥1 C
k|0(A⊕M,A⊕M), which makes (
⊕
k≥1 C
k|0(A⊕M,A⊕M), dµ+l+r, [ , ]) into a differential
graded Lie algebra. Moreover, using the standard Maurer-Cartan theory, we can deduce the following
theorem.
3.5. Theorem. Let (A,M) be an AssBimod-pair and µ+ l + r ∈ C1|0(A⊕M,A⊕M) be the corresponding
Maurer-Cartan element. Then, for linear maps µ′ : A⊗A→ A, l′ : A⊗M →M , and r′ :M ⊗A→M , the
sum (µ+µ′)+(l+l′)+(r+r′) corresponds to an AssBimod-pair structure on (A,M) if and only if µ′+l′+r′ is a
Maurer-Cartan element in the differential graded Lie algebra (
⊕
k≥1 C
k|0(A⊕M,A⊕M), dµ+l+r, [ , ]). 
We now define the cohomology of an AssBimod-pair (A,M). Let us define the 0-th cochain group C0(A,M)
to be 0 and for n ≥ 1, the n-th cochain group
Cn(A,M) = C(n−1)|0(A⊕M,A⊕M) = Hom(A⊗n, A)⊕Hom(An−1,1,M).
Here, An−1,1 is the direct sum of all possible n-tensor powers of A and M in which A appears n− 1 times
(and thus, M appears only once). Finally, we define a differential ∂ : Cn(A,M) → Cn+1(A,M), which is
induced from the Maurer-Cartan element, i.e.
(4) ∂f = (−1)n−1[µ+ l + r, f ], for f ∈ Cn(A,M).
The cohomology of the cochain complex
(
C•(A,M), ∂
)
is called the cohomology of the AssBimod-pair (A,M).
4. L∞-algebras associated to relative Rota-Baxter algebras
Let A and M be two vector spaces. Then, L = (
⊕
n≥0Hom((A ⊕M)
⊗n+1, A ⊕M), [ , ]) is a graded
Lie algebra where the graded Lie bracket is given by the Gerstenhaber bracket. It has been observed in
Proposition 3.2 that the graded subspace
a =
⊕
n≥0
C−1|n+1(A⊕M,A⊕M) =
⊕
n≥0
Hom(M⊗n+1, A)
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is an abelian subalgebra of L. Let P : L→ a be the projection onto the subspace a and take△ = 0 ∈ ker(P )1.
It is also easy to see that the kernel of P is a graded Lie subalgebra of L. Hence, with all these notations,
the quadruple (L, a, P,△) is a V -data. Thus, Theorem 2.11 yields the following result.
4.1. Theorem. There is an L∞[1]-algebra on the graded vector space L[1]⊕ a with structure maps
l1(Q[1], θ) = P (Q),
l2(Q[1], Q
′[1]) = (−1)|Q|[Q,Q′][1],
lk(Q[1], θ1, . . . , lk−1) = P [· · · [[Q, θ1], θ2], . . . , θk−1],
for homogeneous elements Q,Q′ ∈ L and θ, θ1, . . . , θk−1 ∈ a. 
4.2. Remark. From Proposition 3.3, L′ = (
⊕
n≥0 C
n|0(A ⊕M,A⊕M), [ , ]) is a graded Lie subalgebra of
the graded Lie algebra L. Now, Remark 2.12 implies that there is an L∞[1]-algebra on the graded vector
space L′[1]⊕ a, whose structure maps are given by
l2(Q[1], Q
′[1]) = (−1)|Q|[Q,Q′][1],
lk(Q[1], θ1, . . . , lk−1) = P [· · · [[Q, θ1], θ2], . . . , θk−1],
for homogeneous elements Q,Q′ ∈ L′ and θ, θ1, . . . , θk−1 ∈ a. Furthermore, this L∞-algebra is weakly filtered
with n = 3 and the filtration is given by
F1 = L
′[1]⊕ a, F2 = P [L
′[1]⊕ a, a] and Fk = P [· · · [L
′[1]⊕ a, a], . . . , a] for k ≥ 3.
Note that, the degree 0 component of the graded vector space L′[1]⊕ a is given by
(L′[1]⊕ a)0 = L
′
1 ⊕ a0
= Hom(A⊗2, A)⊕Hom(A⊗M,M)⊕ Hom(M ⊗A,M)︸ ︷︷ ︸
L′1
⊕Hom(M,A)︸ ︷︷ ︸
a0
.
Let A and M be two vector spaces. Suppose there are maps
µ ∈ Hom(A⊗2, A), l ∈ Hom(A⊗M,M), r ∈ Hom(M ⊗A,M) and T ∈ Hom(M,A).(5)
Consider the element π = µ+ l + r ∈ C1|0(A⊕M,A⊕M) = L′1. Then we have (π[1], T ) ∈ (L
′[1]⊕ a)0.
4.3. Theorem. With the above notations, the triple ((A, µ), (M, l, r), T ) is a relative Rota-Baxter algebra if
and only if (π[1], T ) is a Maurer-Cartan element in the L∞[1]-algebra (L
′[1]⊕ a, {lk}k≥1).
Proof. The triple ((A, µ), (M, l, r), T ) is a relative Rota-Baxter algebra if and only if (A,M) is a AssBimod-
pair and T :M → A is a relative Rota-Baxter operator on M over the algebra A. Equivalently, by Theorem
2.3 and Proposition 3.4, ((A, µ), (M, l, r), T ) is a relative Rota-Baxter algebra if and only if
(6) [µ+ l+ r, µ+ l + r] = 0 and [[T, T ]] = [[µ+ l + r, T ], T ] = 0.
If π := µ+ l + r, then Remark 4.2 implies that
l2((π[1], T ), (π[1], T )) = −[π, π][1],
l3((π[1], T ), (π[1], T ), (π[1], T )) = [[π, T ], T ] = [[T, T ]].
(7)
Let us consider the sum
∞∑
k=1
1
k!
lk((π[1], T ), (π[1], T ), . . . , (π[1], T )) =
1
2
l2((π[1], T ), (π[1], T )) +
1
6
l3((π[1], T ), (π[1], T ), (π[1], T ))
= (−
1
2
[π, π][1],
1
6
[[π, T ], T ]) = (−
1
2
[π, π][1],
1
6
[[T, T ]])
From equation (6) and equation (7), it is clear that ((A, µ), (M, l, r), T ) is a relative Rota-Baxter algebra if
and only if
∞∑
k=1
1
k!
lk((π[1], T ), (π[1], T ), . . . , (π[1], T )) = 0.
Hence, the theorem holds true. 
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The above theorem implies that relative Rota-Baxter algebras can be interpreted as Maurer-Cartan ele-
ments in a L∞[1]-algebra. This allows us to construct a new L∞[1]-algebra twisted by the Maurer-Cartan
element associated with a given relative Rota-Baxter algebra. More precisely, let ((A, µ), (M, l, r), T ) be
a relative Rota-Baxter algebra. Consider the Maurer-Cartan element α = (π[1], T ) ∈ (L′[1] ⊕ a)0 in the
L∞[1]-algebra (L
′[1]⊕ a)0. By applying Theorem 2.8 to this case, we get the twisted L∞[1]-algebra which
controls deformations of the relative Rota-Baxter algebra.
4.4. Theorem. Let ((A, µ), (M, l, r), T ) be a relative Rota-Baxter algebra. Then there is a twisted L∞[1]-
algebra (L′[1]⊕ a, {l
(pi[1],T )
k }k≥1). Moreover, for any linear maps µ
′, l′, r′, T ′ as of (5), the triple
((A, µ+ µ′), (M, l + l′, r + r′), T + T ′)
is a relative Rota-Baxter algebra if and only if (π′[1], T ′) is a Maurer-Cartan element in the L∞[1]-algebra
(L′[1]⊕ a, {l
(pi[1],T )
k }k≥1), where π
′ = µ′ + l′ + r′ ∈ L′1. 
Let A be an associative algebra and M be an A-bimodule. Suppose T : M → A is a relative Rota-Baxter
operator which makes the triple (A,M, T ) a relative Rota-Baxter algebra. We have already seen various
graded Lie algebras (hence L∞[1]-algebras by degree shift) and L∞[1]-algebras.
◮ In Proposition 3.3, we find a graded Lie algebra structure on
⊕
n≥0 C
n|0(A ⊕M,A ⊕M), hence an
L∞[1]-algebra on
(⊕
n≥0 C
n|0(A⊕M,A⊕M)
)
[1].
◮ In Theorem 2.3, we have a graded Lie algebra structure on
⊕
n≥1Hom(M
⊗n, A), hence get an L∞[1]-
algebra.
◮ Finally, in Theorem 4.4, we obtain an L∞-algebra (L
′[1]⊕ a, {l
(pi[1],T )
k }k≥1).
Similar to the Lie algebra case [21, Theorem 3.16], one can prove the following relationship between these
L∞[1]-algebras.
4.5. Theorem. There is a short exact sequence of L∞[1]-algebras
0 //
( ⊕
n≥1
Hom(M⊗n, A)
)
[1]
i
// L′[1]⊕ a
p
//
( ⊕
n≥0
Cn|0(A⊕M,A⊕M)
)
[1] // 0
by strict morphism of L∞[1]-algebras, where i(θ) = (0, θ) and p(f [1], θ) = f [1]. 
4.1. Cohomology of relative Rota-Baxter algebras. Using the twisted L∞[1]-algebra constructed in
Theorem 4.4, we define the cohomology of a relative Rota-Baxter algebra (A,M, T ). This cohomology is
related to the cohomology of the relative Rota-Baxter operator T and the cohomology of the AssBimod pair
(A,M) by a long exact sequence.
Let ((A, µ), (M, l, r), T ) be a relative Rota-Baxter algebra. Consider the twisted L∞[1]-algebra
(L′[1]⊕ a, {l
(pi[1],T )
k }k≥1)
as given in Theorem 4.4. Then it follows from the definition of an L∞[1]-algebra that l
(pi[1],T )
1 ◦ l
(pi[1],T )
1 = 0.
In other words, l
(pi[1],T )
1 is a differential. In the following, we will use this differential to define the cohomology
of the relative Rota-Baxter algebra (A,M, T ).
Define the space of 0-cochains C0(A,M, T ) to be 0, and the space of 1-cochains C1(A,M, T ) to be
Hom(A,A)⊕Hom(M,M). For n ≥ 2, the space of n-cochains Cn(A,M, T ) to be defined by
Cn(A,M, T ) = Cn(A,M)⊕ Cn(T )
=
(
Hom(A⊗n, A)⊕Hom(An−1,1,M)
)
⊕Hom(M⊗n−1, A).
To define the coboundary, we observe that if (f, P ) ∈ Cn(A,M, T ), then (f [1], P ) ∈ (L′[1] ⊕ a)n−2. We
define the coboundary D : Cn(A,M, T )→ Cn+1(A,M, T ) by
D(f, P ) = (−1)n−2 l
(pi[1],T )
1 (f [1], P ).
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Then, it follows that D2 = 0. The explicit description of D is given by
D(f, P ) = (−1)n−2
(
− [π, f ], [[π, T ], P ] +
1
n!
[· · · [[︸ ︷︷ ︸
n
f, T ], T ], . . . , T ]
)
.
It follows that the coboundary map D : Cn(A,M, T )→ Cn+1(A,M, T ) can also be written as
D(f, P ) = (∂f, (−1)ndTP +Ωf),
where ∂f = [µ+ l+ r, f ] (given by equation (4)), dTP = [[T, P ]] (given in Theorem 2.3), and Ω is defined by
(Ωf)(a1, . . . , an) = (−1)
n
(
f(Ta1, . . . , T an)−
n∑
i=1
Tf(Ta1, . . . , ai, . . . , T an)).
Therefore, (C•(A,M, T ),D) is a cochain complex. The cohomology of this complex is called the coho-
mology of the relative Rota-Baxter algebra (A,M, T ) and denoted by H•(A,M, T ).
4.6. Theorem. Let (A,M, T ) be a relative Rota-Baxter algebra. Then there is a long exact sequence of
cohomology groups
· · · // Hn(T )
Hn(i)
// Hn(A,M, T )
Hn(p)
// Hn(A,M)
δn
// Hn+1(T ) // · · · ,
where the connecting homomorphism δn is given by δn([α]) = [hT (α)], for [α] ∈ H
n(A,M). 
4.2. Cohomology of Rota-Baxter algebras. In this subsection, we focus on Rota-Baxter algebras, i.e.
relative Rota-Baxter algebras with respect to the adjoint representation. We deduce cohomology of Rota-
Baxter algebras following the cohomology of relative Rota-Baxter algebras modulo certain modifications.
Let (A, T ) be a Rota-Baxter algebra. We define the space of 0-cochains C0RB(A, T ) to be 0, and the space
of 1-cochains C1RB(A, T ) to be Hom(A,A). The space of n-cochains C
n
RB(A, T ), for n ≥ 2, is defined by
CnRB(A, T ) := Hom(A
⊗n, A)⊕Hom(A⊗n−1, A).
We define the coboundary map using the following inclusion map
i : CnRB(A, T )→ C
n(A,A, T ), (f, P ) 7→ (f, f, P ).
Here, Cn(A,A, T ) is the n-th cochain group of the relative Rota-Baxter algebra (A,A, T ). Let us write an
element f ∈ Hom(A⊗n, A) ⊕ Hom(An−1,1,M) as a pair (fA, fM ) with the components fA ∈ Hom(A
⊗n, A)
and fM ∈ Hom(A
n−1,1,M). Then, we can write the differential ∂ : Hom(A⊗n, A) ⊕ Hom(An−1,1,M) →
Hom(A⊗n+1, A)⊕Hom(An,1,M) as follows
∂(f) =
(
(∂f)A, (∂f)M
)
.
In the case, when M = A is the adjoint A-bimodule, it is clear that
(∂f)A = (∂f)M = (−1)
n−1[µ, f ] = δHochf.
Thus, we have the following proposition.
4.7. Proposition. The complex (C•RB(A, T ),D) is a subcomplex of the cochain complex (C
•(A,A, T ),D)
associated to the relative Rota-Baxter algebra (A,A, T ). 
The induced coboundary map D : CnRB(A, T )→ C
n+1
RB (A, T ) is explicitly given by
D(f, P ) = (δHochf, (−1)
ndTP +Ωf),
where δhoch is the Hochschild coboundary (given by equation (1)), dTP = [[T, P ]] (given in Theorem 2.3),
and Ω is given by
(Ωf)(a1, . . . , an) = (−1)
n
(
f(Ta1, . . . , T an)−
n∑
i=1
Tf(Ta1, . . . , ai, . . . , T an)).
The cohomology of the cochain complex (C•RB(A, T ), δ) is called the cohomology of the Rota-Baxter algebra
(A, T ). We denote the cohomology groups by H•RB(A, T ).
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4.8. Remark. As a consequence of Theorem 4.6, there is a short exact sequence of cochain complexes
0 // (C•(T ), δT )
i
// (C•RB(A, T ),D)
p
// (C•Hoch(A), δHoch)
// 0,
where i(P ) = (0, P ) and p(f, P ) = f . Consequently, there is a long exact sequence in cohomology groups
· · · // Hn(T )
Hn(i)
// HnRB(A, T )
Hn(p)
// HnHoch(A)
δn
// Hn+1(T ) // · · · ,
where the connecting homomorphism δn is given by δn[α] = [Ωα].
5. Deformations of relative Rota-Baxter algebras
In this section, we study R-deformations of a relative Rota-Baxter algebra, where R is a pro-Artinian
K-algebra. In particular, we consider the case R = K[[t]]/(t2), that is the infinitesimal deformations of a
relative Rota-Baxter algebra. We show that equivalence classes of infinitesimal deformations of a relative
Rota-Baxter algebra (A,M, T ) are in bijective correspondence with the cohomology classes in H2(A,M, T ).
Let R be a pro-Artinian ring. One may define R-relative Rota-Baxter algebras and morphisms between
them similar to the Definition 2.1 and Definition 2.2 by replacing the vector spaces and the linear maps by
R-modules and R-linear maps. Since R is pro-Artinian K-algebra, there is an augmentation ǫ : R→ K. Thus,
any relative Rota-Baxter algebra (A,M, T ) can be realised as an R-relative Rota-Baxter algebra, where the
R-module structures on A and M are respectively given by
r.a = ǫ(r)a, r.u = ǫ(r)u, for r ∈ R, a ∈ A, and u ∈M.
5.1. Definition. An R-deformation of a relative Rota-Baxter algebra ((A, µ), (M, l, r), T ) consists of an
R-algebra structure µR on R ⊗K A, two R-linear maps lR : (R ⊗K A) ⊗ (R ⊗K M) → (R ⊗K M), rR :
(R ⊗K M) ⊗ (R ⊗K A) → (R ⊗K M), and an R-linear map TR : R ⊗K M → R ⊗K A, which makes the triple(
(R⊗K A, µR), (R ⊗K M, lR, rR), TR
)
into an R-relative Rota-Baxter algebra such that
(ǫ ⊗K idA, ǫ⊗K idM ) :
(
(R⊗K A, µR), (R ⊗K M, lR, rR), TR
)
→ ((A, µ), (M, l, r), T )
is a morphism of R-relative Rota-Baxter algebras.
5.2. Definition. Let
(
(R ⊗K A, µR), (R ⊗K M, lR, rR), TR
)
and
(
(R ⊗K A, µR)
′, (R ⊗K M, l
′
R
, r′
R
), T ′
R
)
be two
R-deformations of a relative Rota-Baxter algebra ((A, µ), (M, l, r), T ). Then, they are said to be equivalent
if there exists an R-relative Rota-Baxter algebra isomorphism
(Φ,Ψ) :
(
(R⊗K A, µR), (R⊗K M, lR, rR), TR
)
→
(
(R⊗K A, µR)
′, (R⊗K M, l
′
R
, r′
R
), T ′
R
)
,
satisfying (ǫ⊗K idA) ◦ Φ = (ǫ ⊗K idA) and (ǫ⊗K idM ) ◦Ψ = (ǫ ⊗K idM ).
Next, we explicitly describe R-deformations of a relative Rota-Baxter algebra for R = K[[t]]/(t2). Such
deformations are called infinitesimal deformations. Note that the augmentation ǫ : K[[t]]/(t2) → K is
given by ǫ(f) = f(0), the evaluation of f at 0. Thus, an infinitesimal deformation of a relative Rota-
Baxter algebra ((A, µ), (M, l, r), T ) consists of maps µ0, µ1 ∈ Hom(A ⊗ A,A), l0, l1 ∈ Hom(A ⊗ M,M),
r0, r1 ∈ Hom(M ⊗A,M), and T0, T1 ∈ Hom(M,A) such that the maps
µR := µ0 + tµ1, lR := l0 + tl1, rR := r0 + tr1, TR : T0 + tT1
makes
(
(R⊗K A, µR), (R⊗K M, lR, rR), TR
)
into an K[[t]]/(t2)-relative Rota-Baxter algebra and
(ǫ ⊗K idA, ǫ⊗K idM ) :
(
(R⊗K A, µR), (R ⊗K M, lR, rR), TR
)
→ ((A, µ), (M, l, r), T )
is a morphism of K[[t]]/(t2)-relative Rota-Baxter algebras. The morphism condition implies that µ0 =
µ, l0 = l, r0 = r, and T0 = T . Therefore, an infinitesimal deformation is determined by the quadruple
(µ1, l1, r1, T1).
5.3. Theorem. Let an infinitesimal deformation of a relative Rota-Baxter algebra ((A, µ), (M, l, r), T ) be
determined by the quadruple (µ1, l1, r1, T1). Then, the quadruple is a 2-cocycle in the cohomology of the
relative Rota-Baxter algebra ((A, µ), (M, l, r), T ). Conversely, any infinitesimal deformation is obtained by a
2-cocycle in this way.
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Proof. Let R = K[[t]]/(t2) and
(
(R⊗KA, µR), (R⊗KM, lR, rR), TR
)
be an infinitesimal deformation of relative
Rota-Baxter algebra ((A, µ), (M, l, r), T ). Then, equivalently we have the following conditions.
(i) (R⊗K A, µR = µ+ tµ1) is an R-associative algebra, i.e.
µR(a, µR(b, c)) = µR(µR(a, b), c), for all a, b, c ∈ A.
On comparing the coefficients of t from both sides of the above identity, we have
(8) µ1(a, bc) + aµ1(b, c) = µ1(ab, c) + µ1(a, b)c, for all a, b, c ∈ A,
(ii) the triple (R⊗K M, lR, rR) is an (R ⊗K A, µR = µ+ tµ1)-bimodule, i.e.
lR(µR(a, b),m) = lR(a, lR(b,m)), rR(rR(m, a), b) = rR(m,µR(a, b)), and rR(lR(a,m), b) = lR(a, rR(m, b)),
for all a, b ∈ A and m ∈ M . On comparing the coefficients of t from both sides of the above identities, we
have
l1(ab,m) + µ1(a, b)m = l1(a, bm) + al1(b,m)
r1(ma, b) + r1(m, a)b = r1(m, ab) +mµ1(a, b)
l1(a,m)b + r1(am, b) = l1(a,mb) + ar1(m, b), for all a, b ∈ A, m ∈M,
(9)
(iii) the map TR : R⊗K M → R⊗K A is a relative Rota-Baxter algebra, i.e.
µR(TR(m), TR(n)) = TR
(
lR(TR(m), n) + rR(m,TR(n))
)
On comparing the coefficients of t from both sides of the above identity, we have
µ1(T (m), T (n))− T
(
l1(T (m), n) + r1(m,T (n)
)
=T1
(
T (m)n+mT (n)
)
+ T
(
T1(m)n+mT1(n)
)
− T1(m)T (n)− T (m)T1(n), for all m,n ∈M.
(10)
By definition of the map ∂ is clear that equation (8) and equation (9) are equivalent to ∂(µ1 + l1 + r1) = 0.
Moreover (10) is equivalent to Ω(µ1 + l1 + r1)− dT (T1) = 0. Thus,
(
(R⊗K A, µR), (R⊗KM, lR, rR), TR
)
is an
infinitesimal deformation of relative Rota-Baxter algebra ((A, µ), (M, l, r), T ) if and only if
D(µ1 + l1 + r1, T1) = 0.
Hence, the statement of the theorem follows. 
5.4. Theorem. Let ((A, µ), (M, l, r), T ) be a relative Rota-Baxter algebra. There is a bijective correspon-
dence between the equivalence classes of infinitesimal deformations of ((A, µ), (M, l, r), T ) and the cohomology
classes in the second cohomology space H2(A,M, T ).
Proof. Let us fix R = K[[t]]/(t2). Let
(
(R⊗KA, µR), (R⊗KM, lR, rR), TR
)
and
(
(R⊗KA, µ
′
R
), (R⊗KM, l
′
R
, r′
R
), T ′
R
)
be two infinitesimal deformations of a relative Rota-Baxter algebra ((A, µ), (M, l, r), T ). Then, Theorem
5.3 implies that these infinitesimal deformations are determined by 2-cocycles (say) (µ1, l1, r1, T1) and
(µ′1, l
′
1, r
′
1, T
′
1), respectively. Both of the infinitesimal deformations are equivalent if there exists an R-relative
Rota-Baxter algebra isomorphism
(Φ,Ψ) :
(
(R⊗K A, µR), (R⊗K M, lR, rR), TR
)
→
(
(R⊗K A, µR)
′, (R⊗K M, l
′
R
, r′
R
), T ′
R
)
,
satisfying
(11) (ǫ⊗K idA) ◦ Φ = (ǫ ⊗K idA) and (ǫ ⊗K idM ) ◦Ψ = (ǫ ⊗K idM ).
From equation (11), it follows that
Φ = idA + tφ1, Ψ = idV + tψ1, for some φ1 ∈ Hom(A,A) and ψ1 ∈ Hom(V, V ).
If (Φ,Ψ) :
(
(R ⊗K A, µR), (R ⊗K M, lR, rR), TR
)
→
(
(R ⊗K A, µ
′
R
), (R ⊗K M, l
′
R
, r′
R
), T ′
R
)
is an R-relative Rota-
Baxter algebra isomorphism, then one can observe the following.
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(i) The map idA+ tφ1 : (R⊗KA, µR)→ (R⊗KA, µ
′
R
) is an associative R-algebra isomorphism, which implies
that
Φ(µR(a, b)) = µ
′
R
(Φ(a),Φ(b)), for all a, b ∈ A.
On comparing the coefficients of t,
(12) µ1 − µ
′
1 = δHochφ1.
(ii) The map (Φ,Ψ) is an isomorphism of R-relative Rota-Baxter operators from TR to T
′
R
. Then,
(1) Ψ(lR(a,m)) = l
′
R
(Φ(a),Ψ(m)), Ψ(rR(m, a)) = r
′
R
(Ψ(m),Φ(a)), for all m ∈M, a ∈ A and
(2) Φ ◦ TR = T
′
R
◦Ψ.
Thus, comparing the coefficients of t in the above identities given in the condition (1), we have
ψ1(am) + l1(a,m) = l
′
1(a,m) + φ1(a)m+ aψ1(m)
ψ1(ma) + r1(m, a) = r
′
1(m, a) + ψ1(m)a+mφ1(a).
(13)
Moreover, comparing the coefficients of t from both sides of the identity in the condition (2), we get
(14) T1 + φ1 ◦ T = T
′
1 + T ◦ ψ1.
Therefore, from equations (12)-(14), the pair (Φ,Ψ) is an R-relative Rota-Baxter algebra isomorphism if
and only if
(µ1, l1, r1, T1)− (µ
′
1, l
′
1, r
′
1, T1) = D(φ1, ψ1).
Hence, there is a bijective correspondence between the equivalence classes of infinitesimal deformations of
((A, µ), (M, l, r), T ) and the second cohomology space H2(A,M, T ). 
6. Homotopy relative Rota-Baxter operators
In this section, we introduce homotopy relative Rota-Baxter operators on bimodules over strongly ho-
motopy associative algebras. Our notion will generalize (strict) Rota-Baxter operators on A∞-algebras
introduced in [8]. We compare homotopy relative Rota-Baxter algebras and homotopy relative Rota-Baxter
Lie algebras introduced in [21]. Finally, we construct a pre-Lie∞[1]-algebra from any Dend∞[1]-algebra
generalizing the similar result from non-homotopic case [2]. This construction suitably fits with the var-
ious relations among dendriform algebras, pre-Lie algebras, associative algebras, Lie algebras and relative
Rota-Baxter algebras in the homotopy context.
6.1. Definition. An A∞[1]-algebra is a graded vector space A =
⊕
i∈ZAi together with a collection of
degree 1 multilinear maps {µk : A
⊗k → A}k≥1 satisfying the following identities∑
i+j=n+1
j∑
λ=1
(−1)|a1|+···+|aλ−1| µj(a1, . . . , aλ−1, µi(aλ, . . . , aλ+i−1), aλ+i, . . . , an) = 0, for n ≥ 1.(15)
Note that A∞[1]-algebra structure on a graded vector space A can be described by Maurer-Cartan element
in a suitable graded Lie algebra [27]. Let A be a graded vector space. Consider the free reduced tensor algebra
T (A) =
⊕
n≥1A
⊗n and for each n ∈ Z, define Cn(A) = Homn(T (A), A) the space of degree n linear maps.
An element µ ∈ Homn(T (A), A) is the sum of degree n multilinear maps µk : A
⊗k → A, for k ≥ 1.
With these notations
⊕
n∈Z C
n(A) =
⊕
n∈ZHomn(T (A), A) is a graded Lie algebra with the bracket given
by [µk, γl] = µk ◦ γl − (−1)
mnγl ◦ µk, where
(µk ◦ γl)(a1, . . . , ak+l−1) =
k∑
i=1
(−1)|a1|+···+|ai−1|µk(a1, . . . , ai−1, γl(ai, . . . , ai+l−1), ai+l, . . . , ak+l−1),
for µ =
∑
k≥1 µk ∈ C
m(A) and γ =
∑
l≥1 γl ∈ C
n(A). An element µ ∈ C1(A) =
∑
k≥1 µk is a Maurer-Cartan
element in the above graded Lie algebra if and only if (A, {µk}k≥1) is an A∞[1]-algebra.
6.2. Definition. Let (A, {µk}k≥1) be an A∞[1]-algebra. A bimodule over it consists of a graded vector space
M =
⊕
i∈ZMi together with a collection of degree 1 maps {ηk : A
k−1,1 → M}k≥1 satisfying the identities
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(15) with exactly one of a1, . . . , an is from M and the corresponding multilinear operation µi or µj replaced
by ηi or ηj .
It follows from the definition that any A∞[1]-algebra is a bimodule over itself with ηk = µk, for k ≥ 1.
This is called the adjoint bimodule.
6.1. Homotopy relative Rota-Baxter operators. Here, we use a homotopy version of Theorem 2.3 to
describe relative Rota-Baxter operators in the homotopy context.
Let (A, {µk}k≥1) be an A∞[1]-algebra and (M, {ηk}k≥1) be a bimodule over it. We consider the graded
Lie algebra
L =
(⊕
n∈Z
Cn(A⊕M) =
⊕
n∈Z
Homn(T (A⊕M), A⊕M), [ , ]
)
.
It is easy to see that a =
⊕
n∈ZHomn(T (M), A) is an abelian subalgebra of L. Let P : L → a be the
projection onto the subspace a. Then △ =
∑
k≥1(µk+ ηk) ∈ ker(P )1 and satisfies [△,△] = 0. Therefore, we
get that (L, a, P,△) is a V -data. Hence by Theorem 2.10, we get an L∞[1]-algebra generalizing the graded
Lie algebra of Theorem 2.3 to the homotopy context.
6.3. Theorem. Let (A, {µk}k≥1) be an A∞[1]-algebra and (M, {γk}k≥1) be a bimodule over it. Then there is
an L∞[1]-algebra structure on the graded vector space a =
⊕
n∈ZHomn(T (M), A) with structure maps given
by (2). Moreover, this L∞[1]-algebra is weakly filtered. 
Note that the filtration here is given by Fn(a) =
⊕
i≥n Hom(M
⊗i, A), for n ≥ 1. Inspired by the
characterization of relative Rota-Baxter operators in the usual case, we define the following definition.
6.4. Definition. Let (A, {µk}k≥1) be an A∞[1]-algebra and (M, {γk}k≥1) be a bimodule. A Maurer-Cartan
element T =
∑
k≥1 Tk ∈ Hom0(T (M), A) in the above L∞[1]-algebra is called a homotopy relative Rota-
Baxter operator on (M, {γk}k≥1) over the A∞[1]-algebra (A, {µk}k≥1).
In the next, we give a characterization of a homotopy relative Rota-Baxter operator T =
∑
k≥1 Tk in
terms of its components.
6.5. Proposition. An element T =
∑
k≥1 Tk ∈ Hom0(T (M), A) is a homotopy relative Rota-Baxter operator
if and only if its components satisfy the following identities: for each p ≥ 1,
∑
k1+···+kn=p
1
n!
µn
(
Tk1(u1, . . . , uk1), Tk2(uk1+1, . . . , uk1+k2), . . . , Tkn(uk1+···+kn−1+1, . . . , up)
)(16)
=
n∑
i=1
∑
j+k1+···+ki−1+1
+ki+1+···+kn+t=p
(−1)|u1|+···+|uj |
(n− 1)!
Tj+1+t
(
u1, . . . , uj , η
(
Tk1(uj+1, . . . uj+k1), . . . , Tki−1(· · · , uj+k1+···+ki−1),
uj+k1+···+ki−1+1, Tki+1(. . . , uj+k1+···+ki−1+1+ki+1), . . . , Tkn(. . . , up−t)
)
, up−t+1, . . . , up
)
.
Proof. We will use the interpretation of the elements of C•(A ⊕M,A ⊕M) as coderivations on the free
tensor coalgebra T
c
(A⊕M) and the Gerstenhaber bracket on C•(A⊕M,A⊕M) as the commutator bracket
of coderivations on T
c
(A ⊕M). Let µ, η and T denote the coderivations on T
c
(A ⊕M) corresponding to
the maps
∑
k≥1 µk,
∑
k≥1 ηk and
∑
k≥1 Tk in C
•(A ⊕M,A ⊕M). Hence T is a Maurer-Cartan element if
and only if
∞∑
n=1
1
n!
P [· · · [[µ+ η, T ], T ], . . . , T ] = 0,(17)
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where P denotes the projection onto the abelian subalgebra
⊕
n∈ZHomn(T (M), A). First observe that
P [· · · [[µ+ η, T ], T ], . . . , T ](u1, . . . , up)
= prA
n∑
i=0
(−1)i
(
n
i
)
(T ◦ · · · ◦ T︸ ︷︷ ︸
i
◦(µ+ η) ◦ T ◦ · · · ◦ T︸ ︷︷ ︸
n−i
)(u1, . . . , up)
=
(
(prA ◦ µ ◦ T ◦ · · · ◦ T︸ ︷︷ ︸
n
) − n(prA ◦ T ◦ η ◦ T ◦ · · · ◦ T︸ ︷︷ ︸
n−1
)
)
(u1, . . . , up) (the other terms are zero).(18)
By a straightforward calculation, we obtain
(prA ◦ µ ◦ T ◦ · · · ◦ T︸ ︷︷ ︸
n
)(u1, . . . , up)
=
∑
k1+···+kn=p
µn
(
Tk1(u1, . . . , uk1), Tk2(uk1+1, . . . , uk1+k2), . . . , Tkn(uk1+···+kn−1+1, . . . , up)
)
,
and
n(prA ◦ T ◦ η ◦ T ◦ · · · ◦ T︸ ︷︷ ︸
n−1
)(u1, . . . , up)
= n
n∑
i=1
∑
j+k1+···+ki−1+1
+ki+1+···+kn+t=p
(−1)|u1|+···+|uj | Tj+1+t
(
u1, . . . , uj , η
(
Tk1(uj+1, . . . uj+k1), . . . , Tki−1(· · · , uj+k1+···+ki−1),
uj+k1+···+ki−1+1, Tki+1(· · · , uj+k1+···+ki−1+1+ki+1), . . . , Tkn(. . . , up−t)
)
, up−t+1, . . . , up
)
.
Therefore, it follows from equations (17) and (18) that T is a homotopy relative Rota-Baxter operator if and
only if the indentity (16) holds. 
6.6. Remark. The identities given by equation (16) can be alternatively used as a definition of a homotopy
relative Rota-Baxter operator. A homotopy Rota-Baxter operator on an A∞[1]-algebra (A, {µk}k≥1) is a
homotopy relative Rota-Baxter operator on the adjoint bimodule.
6.7.Definition. (i) A homotopy relative Rota-Baxter algebra is a triple ((A, {µk}k≥1), (M, {γk}k≥1), {Tk}k≥1)
consisting of an A∞[1]-algebra, a bimodule and a homotopy relative Rota-Baxter operator.
(ii) A homotopy Rota-Baxter algebra is a pair ((A, {µk}k≥1), {Tk}k≥1) of an A∞[1]-algebra and a homo-
topy Rota-Baxter operator on it.
In [21], the authors introduce homotopy relative Rota-Baxter operators on modules over L∞[1]-algebra.
Here we first recall their definition and then we compare with homotopy relative Rota-Baxter operator on
bimodules over A∞[1]-algebras. Let (W, {lk}k≥1) be an L∞[1]-algebra and (V, {ρk}k≥1) be a representation
of it. Then (
L =
⊕
n∈Z
Homn(S(W ⊕ V ),W ⊕ V ), a =
⊕
n∈Z
Homn(S(V ),W ), P,△ =
∑
k≥1
(lk + ρk)
)
is a V -data, where the graded vector space L is equipped with the standard Nijenhuis-Richardson bracket
[21,24]. Hence by Theorem 2.10, the graded space a =
⊕
n∈ZHomn(S(V ),W ) carries an L∞[1]-algebra
structure which turns out to be weakly filtered. A Maurer-Cartan element T =
∑
k≥1 Tk ∈ Hom(S(V ),W )
on this L∞[1]-algebra is said to be a homotopy relative Rota-Baxter operator on the module (V, {ρk}k≥1)
over the L∞[1]-algebra (W, {lk}k≥1). A homotopy relative Rota-Baxter operator T =
∑
k≥1 Tk is said to be
strict if Tk = 0 for k ≥ 2. It has been shown in [21] that a strict homotopy relative Rota-Baxter operator
T = T1 induces a pre-Lie∞[1]-algebra structure on V given by
θk(v1, . . . , vk) := ρk(Tv1, . . . , T vk−1, vk), for k ≥ 1.
Let (A, {µk}k≥1) be an A∞[1]-algebra and (M, {ηk}k≥1) be a bimodule over it. It has been proved in
[19] that the standard symmetrization process yields an L∞[1]-algebra (A, {lk}k≥1) and a representation
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(M, {ρk}k≥1) of it, where
lk(a1, . . . , ak) :=
∑
σ∈Sk
ǫ(σ)µk(aσ(1), . . . , aσ(k)), for k ≥ 1 and a1, . . . , ak ∈ A,(19)
ρk(a1, . . . , ak) :=
∑
σ∈Sk
ǫ(σ)ηk(aσ(1), . . . , aσ(k)), for k ≥ 1 and a1, . . . , ak−1 ∈ A, ak ∈M.(20)
Moreover, the above symmetrization process yields a morphism of graded Lie algebras
Ψ :
⊕
n∈Z
Homn(T (A⊕M), A⊕M) −→
⊕
n∈Z
Homn(S(A⊕M), A⊕M).
As a consequence, we get the following.
6.8.Proposition. With the above notations, if T is a homotopy relative Rota-Baxter operator on (M, {ηk}k≥1)
over the A∞[1]-algebra (A, {µk}k≥1), then Ψ(T ) is a homotopy relative Rota-Baxter operator on the module
(M, {ρk}k≥1) over the L∞[1]-algebra (A, {lk}k≥1).
6.2. Homotopy dendriform and homotopy pre-Lie algebras. Dendriform algebras were introduced
by Loday [22] as a Koszul dual of associative dialgebras. The notion of homotopy dendriform algebras
(Dend∞-algebras) was defined in [23] and explicitly described in [8]. Here, we recall the definition of a
Dend∞[1]-algebra from [8] in a slightly different way using Maurer-Cartan elements in a graded Lie algebra.
Let Ck be the set of first n natural numbers. For convenience, we denote the elements of Ck by
Ck = {[1], [2], . . . , [k]}. There are some distinguished maps R0(k;
k︷ ︸︸ ︷
1, . . . , l︸︷︷︸
i-th
, . . . , 1) : Ck+l−1 → Ck and
Ri(k;
k︷ ︸︸ ︷
1, . . . , l︸︷︷︸
i-th
, . . . , 1) : Ck+l−1 → K[Cl] given by
[r] ∈ Ck+l−1 1 ≤ r ≤ i− 1 i ≤ r ≤ i+ l− 1 i+ l ≤ r ≤ k + l − 1
R0(k; 1, . . . , l, . . . , 1)[r] [r] [i] [r − l + 1]
Ri(k; 1, . . . , l, . . . , 1)[r] [1] + · · ·+ [l] [r − i+ 1] [1] + · · ·+ [l]
Let D =
⊕
i∈ZDi be a graded vector space. Suppose µk : TD⊗D⊗ TD→ D is a map which is nonzero
only on
⊕
i+j=k+1,i,j≥1 D
⊗i−1 ⊗D⊗D⊗j−1. Then µk induces k many maps µk,[1], . . . , µk,[k] : D
⊗k → D by
µk,[1](a1, . . . , ak) =µk(1 ⊗ a1 ⊗ a1 · · · ak), µk,[2](a1, . . . , ak) = µk(a1 ⊗ a2 ⊗ a3 · · · ak), . . .
µk,[k](a1, . . . , ak) = µk(a1 · · · ak−1 ⊗ ak ⊗ 1).
Consider the graded space
⊕
n∈ZHomn(TD ⊗ D ⊗ TD,D) of such maps. It carries a graded Lie bracket
defined by [µk, ηl] = µk ◦ ηl − (−1)
mnηl ◦ µk, where
(µk ◦ ηl)(a1 · · · ar−1 ⊗ ar ⊗ ar+1 · · · ak+l−1)
=
k∑
i=1
(−1)|a1|+···+|ai−1| µk,R0(k;1,...,l,...,1)[r](a1, . . . , ai−1, µl,Ri(k;1,...,l,...,1)[r](ai, . . . , ai+l−1), . . . , ak+l−1),
for µ =
∑
k≥1 µk ∈ Homm(TD ⊗D ⊗ TD,D) and η =
∑
l≥1 ηl ∈ Homn(TD ⊗D ⊗ TD,D). A Dend∞[1]-
algebra is a graded vector space D =
⊕
i∈ZDi together with a Maurer-Cartan element µ =
∑
k≥1 µk of the
graded Lie algebra (
⊕
n∈ZHomn(TD ⊗ D ⊗ TD,D), [ , ]). Note that each µk determines k many degree
1 maps D⊗k → D. Therefore, for now onward, we will denote a Dend∞-algebra by (D, {µk,[r]}k≥1,[r]∈Ck).
If (D, {µk,[r]}k≥1,[r]∈Ck) is a Dend∞[1]-algebra, then it has been proved in [8,23] that (D, {µk}k≥1) is an
A∞[1]-algebra, where
µk = µk,[1] + · · ·+ µk,[k], for k ≥ 1.(21)
The notion of pre-Lie∞[1]-algebras are defined by Chapoton and Livernet [7]. Here we will not recall the
definition rather mention that there is a graded Lie bracket [ , ]MN, known as Matsushima-Nijenhuis bracket
on
⊕
n∈ZHomn(S(W )⊗W,W ), for any graded vector spaceW . See [7,21] for details. A pre-Lie∞[1]-algebra
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structure on a graded vector space W is by definition a Maurer-Cartan element in the graded Lie algebra(⊕
n∈ZHomn(S(W )⊗W,W ), [ , ]MN
)
.
A pre-Lie∞[1]-algebra induces an L∞[1]-algebra structure on W with structure maps given by
lk(x1, . . . , xk) =
k∑
i=1
(−1)|xi|(|xi+1|+···+|xk|) θk(x1, . . . , x̂i, . . . , xk, xi), for k ≥ 1.
This is called the subadjacent L∞[1]-algebra of the pre-Lie∞[1]-algebra.
It is known that a dendriform algebra gives rise to a pre-Lie algebra structure. Here we prove a homotopy
version of this result.
6.9. Theorem. Let (D, {µk,[r]}k≥1,[r]∈Ck) be a Dend∞[1]-algebra. Then (D, {θk}k≥1) is a pre-Lie∞[1]-
algebra, where
θk(a1, . . . , ak) =
∑
σ∈Sk
ǫ(σ)µk,[σ−1(k)](aσ(1), . . . , aσ(k)), for k ≥ 1.(22)
Proof. We define a map
Ψ :
⊕
n∈Z
Homn(TD ⊗D ⊗ TD,D) −→
⊕
n∈Z
Homn(S(D)⊗D,D) by
Ψ(µk)(a1, . . . , ak) =
∑
σ∈Sk
ǫ(σ)µk,[σ−1(k)](aσ(1), . . . , aσ(k)).
It is a straightforward but tedious calculation to check that Ψ preserves the graded Lie algebra structures.
Hence the result follows from the definition of pre-Lie∞[1]-algebra structure by Maurer-Cartan element. 
The above construction is functorial with respect to strict morphisms in the categories of Dend∞[1]-
algebras and pre-Lie∞[1]-algebras.
6.10. Proposition. With the above construction, the following diagram commutes
Dend∞[1] ///o/o/o/o/o/o/o

O
O
O
pre-Lie∞[1]

O
O
O
A∞[1] ///o/o/o/o/o/o/o/o/o/o L∞[1].
(23)
Proof. Let (D, {µk,[r]}k≥1,[r]∈Ck) be a Dend∞-algebra with the corresponding A∞[1]-algebra (D, {µk}k≥1)
where µk’s are given by equation (21). Therefore, the corresponding L∞[1]-algebra structure on D is given
by
lk(a1, . . . , ak) =
∑
σ∈Sk
ǫ(σ) µk(aσ(1), . . . , aσ(k))
=
∑
σ∈Sk
ǫ(σ)
k∑
i=1
µk,[i](aσ(1), . . . , aσ(k)).(24)
On the other hand, consider the pre-Lie∞[1]-algebra (D, {θk}k≥1) where θk’s are given in equation (22).
Hence, the subadjacent L∞[1]-algebra on D has structure maps
l′k(a1, . . . , ak) =
k∑
i=1
(−1)|ai|(|ai+1|+···+|ak|) θk(a1, . . . , âi, . . . , ak, ai)
=
k∑
i=1
(−1)|ai|(|ai+1|+···+|ak|)
∑
σ∈Sk
ǫ(στ) µk,[τ−1σ−1(k)](aσ(1), . . . , aσ(k))
=
k∑
i=1
∑
σ∈Sk
ǫ(σ) µk,[τ−1σ−1(k)](aσ(1), . . . , aσ(k)).(25)
In the second equality, given a fixed i, we use the permutation τ ∈ Sk given by
τ(j) = j for j ≤ i− 1, τ(j) = j + 1 for i ≤ j ≤ k − 1 and τ(k) = i.
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Finally, the third equality follows as ǫ(τ) = (−1)|ai|(|ai+1|+···+|ak|). From equations (24) and (25), it follows
that lk = l
′
k for k ≥ 1. Hence the result follows. 
6.3. Strict homotopy relative Rota-Baxter operators. A homotopy relative Rota-Baxter operator
T =
∑
k≥1 Tk on a bimodule (M, {ηk}k≥1) over an A∞[1]-algebra is said to be strict if Tk = 0 for k ≥ 2. It
follows from equation (16) that a degree 0 linear map T :M → A is a strict homotopy relative Rota-Baxter
operator if T satisfies
µk(Tu1, . . . , T uk) =
k∑
r=1
T (ηk(Tu1, . . . , ur, . . . , T uk)), for k ≥ 1.
Strict homotopy relative Rota-Baxter operators are considered in [8] and the following result is proved in
the same reference.
6.11. Proposition. Let (A, {µk}k≥1) be an A∞[1]-algebra and (M, {ηk}k≥1) be a bimodule. If T is a strict
homotopy relative Rota-Baxter operator, then M carries a Dend∞[1]-algebra structure, where
µk,[r](u1, . . . , uk) = ηk(Tu1, . . . , ur, . . . , T uk), for k ≥ 1 and [r] ∈ Ck.(26)
The Dend∞[1]-algebra constructed in the above proposition is called the subadjacent Dend∞[1]-algebra
associated to the strict homotopy relative Rota-Baxter operator T .
6.12. Proposition. The following diagram commutes
strict homotopy relative Rota− Baxter algebra ///o/o/o/o/o/o/o/o/o

O
O
O
Dend∞[1]

O
O
O
strict homotopy relative Rota− Baxter Lie algebra ///o/o/o/o/o/o/o pre-Lie∞[1].
(27)
Proof. Let T : M → A be a strict homotopy relative Rota-Baxter operator on the bimodule (M, {ηk}k≥1)
over the A∞[1]-algebra (A, {µk}k≥1). Let (M, {µk,[r]}k≥1,[r]∈Ck) denote the correspondingDend∞[1]-algebra,
where µk,[r]’s are given by equation (26). Hence by Theorem 6.9, the corresponding pre-Lie∞[1]-algebra
structure on M are given by
θk(u1, . . . , uk) =
∑
σ∈Sk
ǫ(σ)µk,[σ−1(k)](uσ(1), . . . , uσ(k))
=
∑
σ∈Sk
ǫ(σ)ηk(Tuσ(1), . . . , uσ(j), . . . , uσ(k))|σ(j)=k .
On the other hand, by considering T as a strict homotopy relative Rota-Baxter operator on the module
(M, {ρk}k≥1) over the L∞[1]-algebra (A, {lk}k≥1) given in equations (19) and (20), the pre-Lie∞[1]-algebra
on M is given by
θ′k(u1, . . . , uk) = ρk(Tu1, . . . , T uk−1, uk) =
∑
σ∈Sk
ǫ(σ)ηk(Tuσ(1), . . . , uσ(j), . . . , T uσ(k))|σ(j)=k.
Thus we have θk = θ
′
k, for k ≥ 1 which proves the result. 
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